Abstract: A partition curve is used in dense medium separation to determine the efficiency of the separation of clean coal from discard. The method used to determine a partition curve in coal beneficiation is float and sink analysis. The float and sink dry masses are determined at each density fraction only after complete separation of the material has taken place. This means that the partition curve is a form of a steady-state model. A dynamic model for a dense medium separation circuit is available from first principles. This paper shows how a steady-state model is derived from the dynamic model to generate a partition curve. This partition curve is compared with plant measurements taken from a plant operation.
INTRODUCTION
Run-of-mine (ROM) coal contains ash impurities which are typically selectively separated through the use of gravity or density. By mixing crushed ROM coal in a medium at a specific relative density, it will settle out due to gravity. Material that floats will typically contain more coal than the material that sinks. The primary technology used to beneficiate coal is a dense medium cyclone (DMC). This makes use of a centrifugal force to speed up the separation of coal from the ash impurity or discard. England et al. (2002) provide a detailed explanation of coal beneficiation and the principle behind it. This section briefly summarises this principle and describes the objective of the paper.
The efficiency of separation of ROM coal from a DMC is measured by performing float and sink analysis. From this analysis, a partition curve is generated to determine the separation density and efficiency of the DMC. This information is used for day-to-day control in coal beneficiation operation.
Mathematical models have been developed for partition curves. However, these models are determined from measurements and samples taken from a plant at monthly or quarterly intervals. The information gathered does not take the time evolution of variables into account. These models are typically referred to as steady-state models.
An example of such a model can be found in Napier-Munn (1991) .
A dynamic model of a DMC has been developed from first principles (Meyer and Craig, 2010) which, once identified, can be used to predict cyclone density, ash and medium responses. It is therefore possible to reduce this dynamic model to a steady-state model to determine the partitioning behaviour of the cyclone. This paper presents a solution to the development of a steady-state model by showing how a partition curve can be generated from online data from a plant experiment. This concept can be taken further by using recursive prediction error identification methods on a dynamic model and simulating a partition curve in real time.
The paper is presented as follows. Section 2 describes the details with regards to the mathematics behind the DMC model for both steady-state and dynamic cases. Section 3 shows the generation of a partition curve from an identified dynamic model. This illustrates the concept that it is possible to generate an online partition curve and possibly validate it to those obtained on a monthly or quarterly basis for plant operations. Section 4 illustrates how the partition curve generated from the dynamic model is compared to a plant operational partition curve. A conclusion of the findings is given in section 5.
MATHEMATICAL MODEL
The process flow for coal washing plants is relatively simple when compared to other metallurgical operations as indicated by King (1999) . Coal washing processes consist of relatively simple processing units. The performance of these units can be calculated to make various combinations and simulations possible. Figure 1 illustrates a typical process flow diagram for a coal washing plant that can beneficiate a variety of coal size feed fractions. The processing units consist of screens, DMCs and a dense medium drum. to treat a variety of size-spectrum coal feeds (King, 1999 ).
After comminution and particle size classification are completed from the mine operation, the ore is initially fed into a screen where coarse material or overrun ore is washed in a dense medium drum. The intermediate-sized ore is beneficiated by DMCs and the fine material can be washed by water-only cyclones. These process flow circuits can vary because of the different product specification requirements for the coal market. England et al. (2002) indicate some differences to the process shown in figure 1 in that a mixing box for the medium and the ore is shown and more detail on the density control of the medium is given. They also describe the process flow of the magnetite recovery, by making use of a magnetic separator and demagnetising coil. Figure  1 is sufficient to describe the general objective of a coalwashing circuit. The primary equipment used to separate the coal from discard is the DMC with a medium set to a specific relative density.
Float and sink analysis is a technique used to determine properties of coal and assist with the generation of a partition curve. This curve is used to determine the efficiency of a DMC. Coal samples are separated into two or more relative density fractions by using gravity separation. The liquids are made up of different relative densities between that of the discarded material and pure coal. England et al. (2002) describe the process of float and sink analysis which is used in this paper primarily for the steady-state simulation. A sample is separated in a container using a liquid with a high relative density. The float is recovered and immersed in a series of containers with consecutively lower liquid densities ( Figure 2 ). Typical specific gravities range from 1.30 to 1.70, with typical step intervals of 0.05. It is important to note that this analysis is performed when each container mix is at steady state due to there being a considerable amount of time required for settling to take place.
After each fraction has settled, the sinks are dried and weighed. From these data, a partition curve can be generated.
A partition curve allows the degree of separation and efficiency for a cyclone to be illustrated. Using the yield of clean coal from a plant and the float and sink analysis of the product and discard, the partition factor (ratio of the total clean coal to the feed) per relative density fraction can be computed. Table 1 shows an example (taken from England et al. [2002] ) of the data and necessary calculations required to obtain a partition curve. A yield of 41.6% for clean coal is used as given in the example by England et al. (2002) . Table 1 . Example of details and calculations required for a partition curve (England et al. 2002) . Figure 3 illustrates an example of a partition curve where the partition factor of a plant is shown with respect to relative density of the liquid. This figure also shows the relative density that will allow for the plant to have a partition factor of 50%.
The separation cutpoint (ρ 50 ), is the specific relative density of a particle having an equal chance of reporting to a float or sink (partition factor). From the above table the separation cutpoint is 1.354. A parameter used to describe the sharpness of the curve is theécart probable moyen (EPM). This value is also known as the separation efficiency and is calculated as follows:
where ρ 25 is the relative density at 25% and ρ 75 is the relative density at 75%. the curve would look like if the EPM was zero (perfect separation). A DMC having a low EPM value means that it will achieve a very good separation through density separation.
Variables that can influence the shape of the partition curve are feed rate, maintenance of equipment and operating variables such as pressure, particle size, amount of magnetite used and contaminants in the medium (de Korte 2008).
A mathematical model for the partition factor (Y ) has been developed by Napier-Munn (1991) and looks as follows,
where ρ is the relative density of the medium fraction. This equation expresses the partition curve and is derived by substituting equations from Lynch (1977), King and Juckes (1984) and King and Juckes (1988) . This model is a regression model based on steady-state conditions of the ore separated by a DMC. This steady-state model is well known in literature. A dynamic model will be discussed in more detail in this paper. This dynamic model will be reduced to a steady-state model with similar properties to that of equation 2.
Dynamic Model
Meyer and Craig (2010) have developed a first principle dynamic mathematical model for a coal dense medium separation circuit. The model developed was used to simulate a coal washing process. The model was validated using real plant data derived from a plant experiment.
The conservation of overall mass as described in Stephanopoulos (1984) was applied to model the throughput of the DMC dynamically. The conservation of mass of components was used to model the quality (i.e. ash percentage) of the coal product. Medium percentage response in overflow and underflow was also modelled. A representation of the DMC can be found in figure 4 and associated variables describing the cyclone (c) model being given in table A.1 and A.2 (Meyer and Craig 2010).
Fig. 4. Simplified representation of a DMC (Meyer and Craig 2010).
By using the overall conservation of mass the following relationship describing the DMC was developed:
By incorporating the acceleration due to the centrifugal force within the cyclone and the percentage of ash or carbon that can influence the dynamics of the cyclone, the following relationships were obtained:
By combining equation 3 with equations 4 and 5, the overflow and underflow density transfer functions for the DMC can be determined.
Similarly, the conservation of mass of ash and carbon components within the ore-medium mix that is being beneficiated can be determined as follows:
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The dynamic mass balance for sulphur, moisture and carbon are similar to equations 6 and 7. However, the relevant component percentage is used in place of the ash or medium percentages. Meyer and Craig (2010) show that the overflow and underflow ash and medium component relationships are as follows:
The sulphur, moisture and carbon overflow and underflow relationships are similar to equations 8, 9, 10 and 11. However, the relevant component percentage is used in place of the ash or medium percentages.
The proportionality constants K c,o , K c,u , K c,o,ash , K c,u,ash , K c,o,med and K c,u,med are used as parameters to identify the model (Ljung 1987) . The units for K c,o and K c,u are m 3 /s to ensure that the units in equations 4 and 5 balance. Similarly, the units for K c,o,ash , K c,u,ash , K c,o,med and K c,u,med are m 3 /(kg.s) to ensure that the units in equations 8, 9, 10 and 11 balance.
Steady-state Model
Since the dynamic model of the DMC is derived from comprehensive dynamic mass balances, it is possible to determine a steady-state model which can be used to predict the partitioning behaviour of the DMC. The following list describes the process that was used to obtain the steadystate model. responses from steps 4 and 5 to zero. Steady-state solutions for the percentage of medium in the overflow and underflow will be determined.
By simulating a float and sink analysis, the fractional yield percentages for different density fractions for clean coal and discard of a DMC can be calculated. Using the yield, it is possible to obtain the reconstructed feed and compute the partition factor similar to that in table 1. The partition factor can then be determined as follows:
where
Wc,o,ore+Wc,u,ore is the yield. An efficiency curve similar to that in figure 3 can be obtained for a particular set of conditions, based on the predicted mass distributions to float and sink products of the different densities in the feed (ρ c,i ).
For increasing density fractions, the mass feed for consecutive density fractions is the mass rate from the sink of the previous density fraction. The mass rate for each float is computed using the steady-state equations while the mass rate for the sink is computed as the difference between float and the feed. Similarly, for decreasing density fractions, the mass feed for consecutive density fractions is the mass rate from the float of the previous density fraction. The mass rate for each sink is computed using the steady-state equations, while the mass rate for the float is computed as the difference between sink and the feed. The partition factor is calculated for each density fraction until the remaining mass rate is zero.
GENERATION OF A PARTITION CURVE FROM
A DYNAMIC MODEL Taking the DMC model developed by Meyer and Craig (2010) and the data from the industrial experiment in Meyer (2010) , it is possible to generate a partition curve as explained in section 2.2. By using the partition factor as described by equation 12 an efficiency curve can be simulated for the DMC for a particular set of conditions. By using the DMC model parameters as determined in Meyer and Craig (2010) , the following float and sink equations can be computed: 
where W c,i,ore = Q c,i ρ c,i (1 − x c,i,med ). By computing the partition factor in decreasing density fractions and in increasing density fractions from 1670 kg/m 3 in 2 kg/m the DMC is generated ( Figure 5 ). The resulting partition curve is similar to that described in section 2 where the predicted mass distributions to float and sink products at different densities in the feed (ρ c,i ) are obtained. By using the DMC model at steady state, the overflow and underflow masses (i.e. floats and sinks) can be simulated at different set medium densities. By using a finite amount of mass in the feed ore and subtracting it from each sink, it provides the resulting mass to be used as the feed in the next medium density simulation. With decreasing medium density iterations, each resulting mass feed decreases depending on the amount of separation that takes place. Calculating the partition factor at each density fraction will result in the generation of the data for a partition curve.
Using equation 1, the approximate separation efficiency for the DMC, based on the specific set of parameters used, is 2.5 kg/m 3 with a ρ 50 of approximately 1674 kg/m 3 .
By applying a recursive prediction error identification method, it should be possible to identify the dynamic DMC model online. The partition curve generated using the work in Meyer (2010) illustrates that this concept is viable. Figure 6 illustrates the partition curve generated by a plant operation for the cyclone a few days after the time of which the dynamic model plant identification experiment was conducted.
SIMULATED PARTITION CURVE COMPARISON
The ρ 50 determined from the plant operation is 1674 kg/m 3 . The separation efficiency is determined to be 2.0 kg/m 3 .
A summary of the comparison of results between the simulated partition curve from the steady-state model and the one determined by the plant operation is given in table 2. These results indicate that it is possible to generate a partition curve from an identified dynamic model and represent a plant process accurately. 
CONCLUSION
This paper describes the importance of partition curves in the day-to-day control and operation of a coal washing plant. The equipment used in the beneficiation of ROM coal is primarily a DMC. The partitioning behaviour gives a plant operator an indication of how efficiently the plant is processing. These partition curves are usually obtained from plant data and assays on a monthly or quarterly basis. The mathematical theory behind partition curves is described. It is shown that these partition curves are steady-state models due to the float and sink analysis required to generate them.
By using a dynamic model of a DMC, it is possible to generate a steady-state model and from this, a partition curve of the cyclone. This paper shows that this is in fact possible. For future work a DMC partition curve can be generated online by making use of recursive prediction error identification methods.
